Pauli-Villars Regularization of Supergravity Coupled to Chiral and
  Yang-Mills Matter by Gaillard, Mary K.
ar
X
iv
:h
ep
-th
/9
40
81
49
v2
  1
4 
D
ec
 1
99
4
LBL-36051
UCB-PTH-94/23
August 1994
hep-th/9408149
PAULI-VILLARS REGULARIZATION OF
SUPERGRAVITY COUPLED TO CHIRAL AND
YANG-MILLS MATTER∗
Mary K. Gaillard
Department of Physics and Theoretical Physics Group, Lawrence Berkeley
Laboratory, University of California, Berkeley, California 94720
Abstract
It is shown that the one-loop quadratic divergences of standard
supergravity can be regulated by the introduction of heavy Pauli-
Villars fields belonging to chiral and abelian gauge multiplets. The
resulting one-loop correction can be interpreted as a renormalization
of the Ka¨hler potential. Regularization of the dilaton couplings to the
Yang-Mills sector requires special care, and may shed some light on
chiral/linear multiplet duality of the dilaton supermultiplet.
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In extracting the phenomenological implications of an underlying super-
gravity theory, the quadratic divergences arising at one loop have often been
considered [1]. However, the coefficients of the quadratically divergent terms
are unreliable in the absence of a manifestly supersymmetric regularization
procedure [2], [3]. The purpose of this Letter is to describe such a procedure.
The one-loop effective action S1 is obtained from the term quadratic in
quantum fields when the Lagrangian is expanded about an arbitrary back-
ground:
Lquad(Φ,Θ, c) = −1
2
ΦTZΦ
(
Dˆ2Φ +HΦ
)
Φ +
1
2
Θ¯ZΘ (i 6DΘ −MΘ) Θ
+
1
2
c¯Zc
(
Dˆ2c +Hc
)
c+O(ψ), (1)
where the column vectors Φ,Θ, c represent quantum bosons, fermions and
ghost fields, respectively, and ψ represents background fermions that we shall
set to zero throughout this paper. The fermion sector Θ includes a C-odd
Majorana auxiliary field α that is introduced to implement the gravitino
gauge fixing condition. The full gauge fixing procedure used here is described
in detail in [4], [5]. Then the one loop bosonic action is given by
S1 =
i
2
Tr ln
(
Dˆ2Φ +HΦ
)
− i
2
Tr ln (−i 6DΘ +MΘ) + i
2
STr ln
(
Dˆ2c +Hc
)
=
i
2
STr ln
(
Dˆ2 +H
)
+ T−, (2)
where T− is the helicity-odd fermion contribution which contains no quadratic
divergences, and the helicity-even contribution is determined by
Dˆ2Θ +HΘ ≡ (−i 6DΘ +MΘ) (i 6DΘ +MΘ) . (3)
The field-dependent matricesH(φ) and Dˆµ(φ) = ∂µ+Γµ(φ) are given in [4], [5],
where the logarithmically divergent contributions have been evaluated. Ex-
plicitly evaluating (2) with an ultraviolet cut-off Λ and a massive Pauli-Villars
sector with a squared mass matrix of the form
M2PV = H
PV (φ) +
(
µ2 ν
ν† µ2
)
≡ HPV + µ2 + ν, |ν|2 ∼ µ2 ≫ HPV ∼ H,
1
gives, with H ′ = H +HPV :
32π2S1 = −
∫
d4xd4pSTr ln
(
p2 + µ2 +H ′ + ν
)
+ 32π2 (S ′1 + T−)
= 32π2 (S ′1 + T−)−
∫
d4xd4pSTr ln
(
p2 + µ2
)
−
∫
d4xd4pSTr ln
[
1 +
(
p2 + µ2
)−1
(H ′ + ν)
]
. (4)
S ′1 is a logarithmically divergent contribution that involves the operator
Gˆµν = [Dˆµ, Dˆν ]. Finiteness of (4) requires
STrµ2n = STrH ′ = STr
(
2µ2H ′ + ν2
)
= 0,
1
64π2
STrH ′2 = −L, (5)
where L is the coefficient of lnΛ2 in S ′1 + T−. The vanishing of STrµ
2n is
automatically assured by supersymmetry. Once the remaining conditions
are satisfied we obtain
S1 = −
∫
d4x
64π2
STr
[(
2µ2H ′ + ν2
)
lnµ2
]
+O(lnµ2). (6)
First consider a supergravity theory in which the Yang-Mills fields have
canonical kinetic energy. Then the quadratically divergent contributions from
the (gauge-fixed) gravity sector, the N chiral supermultiplets and the (gauge-
fixed) Yang-Mills sector of internal symmetry dimension NG, are respectively:
STrHgrav = −10V − 2M2ψ −
r
2
+ 4Kim¯DνziDµz¯m¯ − x
2
F 2,
STrHχ = 2N
(
Vˆ +M2ψ −
r
4
)
+ 2x−1DaDi(T az)i
−2Rim¯
(
e−KA¯iAm¯ +DνziDµz¯m¯
)
,
STrHYM = 2D + x
2
F 2 +NG
r
2
. (7)
In these expressions, r is the space-time curvature, F 2 = F aµνF
µν
a with F
a
µν
the Yang-Mills field strength, x = g−2 is the inverse squared gauge coupling
constant, Kim¯ is the Ka¨hler metric and Rim¯ is the associated Ricci tensor,
V = Vˆ +D is the classical scalar potential with Vˆ = e−KAiA¯i − 3M2ψ, D =
2
(2x)−1DaDa, Da = Ki(Taz)i, and M2ψ = e−KAA¯ is the field-dependent
squared gravitino mass, with
A = eKW = A¯†, Ai = DiA, A¯
i = Kim¯A¯m¯, etc., (8)
where Di is the scalar field reparametrization covariant derivative. The F
2
terms in (7) cancel in the overall supertrace. To regulate the z-dependent
terms, where z = z¯† is the scalar superpartner of a left-handed fermion, we
introduce Pauli-Villars regulator chiral supermultiplets ZIα = (Z¯
I¯
α)
†, Z ′Iα =
(Z¯ ′I¯α )
† and ϕA = (ϕ¯A)†, with Ka¨hler potential:
K(Z, Z¯, ϕ, ϕ¯) =
∑
α,I=i,M=m
Kim¯(z, z¯)
(
ZIαZ¯
M¯
α + Z
′I
α Z¯
′M¯
α
)
+
∑
A
eαAKϕAϕ¯A, (9)
superpotential:
W (Z, ϕ) =
∑
A,I
µαIZ
I
αZ
′I
α +
∑
A
µA
(
ϕA
)2
, (10)
and signature ηα,A = ±1, which determines the sign of the corresponding
contribution to the supertrace relative to an ordinary particle of the same
spin. Thus η = +1(−1) for ordinary particles (ghosts). The contribution of
Pauli-Villars loops should be regarded as a parametrization of the result of
integrating out heavy (e.g. Kaluza-Klein or string) modes of an underlying
finite theory; the contributions from Pauli-Villars fields with negative signa-
ture could be interpreted as those of ghosts corresponding to heavy fields of
higher spin. ZI transforms like zi under the gauge group, and Z ′I transforms
according to the conjugate representation.
In evaluating the effective one-loop action we set to zero all background
Pauli-Villars fields; then the contribution of these fields to STrHχ is
STrHPVχ = 2
∑
α,A
(2ηα + ηA)
(
Vˆ +M2ψ −
r
4
)
+4
∑
α,J
ηα
[
x−1DaD(αJ)(Taz)(αJ) − R(αJ)(αJ)im¯
(
A¯iAm¯e−K +DµziDµz¯m¯
)]
+2
∑
A
ηA
[
x−1DaDA(Taz)A −RAAim¯
(
A¯iAm¯e−K +DµziDµz¯m¯
)]
. (11)
3
From (9) we obtain for the relevant elements of the scalar reparametrization
connection Γ and Riemann tensor R:
ΓABk = αAδ
A
BKk R
A
Bkm¯ = αAδ
A
BKkm¯, DA(Taz)
A = αAKi(Taz)
i,
Γ
(Iα)
(Jβ),k = δ
α
βΓ
i
jk, R
(Iα)
(Jβ)km¯ = δ
α
β δ
I
JR
i
jkm¯, DI(Taz)
I = Di(Taz)
i. (12)
Finally, to regulate the r-dependent term in STrH we introduce U(1) gauge
supermultiplets W a with signature ηa and chiral multiplets Za = eθ
a
=
(Za)† =
(
eθ¯
a
)†
with the same signature, U(1)b charge qaδab, and Ka¨hler
potential:
K(θ, θ¯) =
1
2
∑
a
νae
αaK(θa + θ¯a)
2 (13)
which is invariant under U(1)b: δbθa = −δbθ¯a = iqaδab. The corresponding
D-term:
D(θ, θ¯) = 1
2x
DaθDθa, Dθa =
∑
b
Kbδaθ
b = i(θa + θ¯a)qae
αaKνa, (14)
vanishes in the background, but (θa + θ¯a)/
√
2 acquires a squared mass µ2a =
(2x)−1q2ae
αaKνa equal to that of W
a, with which it forms a massive vector
supermultiplet. The chiral multiplets contribute to STrHPV in the same way
as ϕA with αA → αa, and the vector multiplets contribute to the r-term with
opposite sign. Therefore we obtain an overall contribution from light and
heavy modes:
STrH ′ = 2Vˆ
[
N
(
1 + 2
∑
α
ηα
)
+
∑
A
ηA (1− αA) +
∑
a
ηa (1− αa)− 5
]
+2M2ψ
[
N
(
1 + 2
∑
α
ηα
)
+
∑
A
ηA (1− 3αA) +
∑
a
ηa (1− 3αa)− 1
]
−r
2
[
N
(
1 + 2
∑
α
ηα
)
+
∑
A
ηA + 1−NG
]
+2
[
x−1DaDi(T az)i − Rim¯
(
e−KA¯iAm¯ +DνziDµz¯m¯
)](
1 + 2
∑
α
ηα
)
+2
(
Kim¯DµziDµz¯m¯ − 2D
)(
2−∑
A
ηAαA −
∑
a
ηaαa
)
. (15)
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Thus STrH ′ = 0 requires
0 = 1 + 2
∑
α
ηα =
∑
A
ηA +
∑
a
ηa − 7
=
∑
A
ηA + 1−NG = 2−
∑
A
ηAαA −
∑
a
ηaαa. (16)
The vanishing of STr(µ2H ′ + ν2) further constrains the parameters µ(z)
and ν(z, z¯), which can in general depend on the light chiral multiplets. For
example, if the underlying theory is a superstring theory, there is usually
invariance under a modular transformation on the light superfields under
which K → K + F (z) + F¯ (z¯), W → e−F (z)W, which cannot be broken by
perturbative quantum corrections [6]. Thus the field ZIα has the same mod-
ular weight as zi, ϕA has modular weight −αA/2; the z-dependence of µ(z),
as well as of νa(z, z¯) must be chosen so as to restore modular invariance. The
result would be interpreted as threshold effects arising from the integration
over heavy modes. (It is possible that some or all of the modular invariance
may be restored by a universal Green-Schwarz type counter term, as is the
case for the anomalous Yang-Mills coupling [7]–[10].) In the following we
set qa = 1, µ
α
I = β
Z
αµI(z), µA = βAµϕ(z), νa = xβ
2
a|µθ(z)|2, with βα,A,a
independent of z and αA,a ≡ αϕ,θ independent of A, a. Since STr(2µ2H ′+ν2)
is just the O(µ2) part of STr(µ2 +H ′ + ν)2, it can be read off from the gen-
eral results of [4],[5], with H → H ′ + µ2 + ν ≡ H˜ . The terms in 1
2
STrH˜
proportional to µ2 are:
1
2
STrH˜ ∋ e−KAIJA¯IJ
[(
2Vˆ + 3M2ψ
)
− r
2
]
+ 2e−2KAIJA¯
JKRm In KAmA¯
n
+e−2K
[
AkIJA¯
IJmA¯kAm − (AIjKA¯IKA¯jA + h.c.)
]
+Dµz¯m¯Dµzie−K
(
AiJKA¯
JK
m¯ + 2R
K
im¯Je
−KAKLA¯
JL
)
−e
−K
x
Da(T az)iAiJKA¯JK
−4e
−K
x
δaθcδaθ
b¯
[
AdcA¯
d
b¯ −Rknb¯cAkA¯n
]
+ 4
(
Vˆ +M2ψ
)
Kaa
+
4
x
DµziDµz¯m¯
[
Rm¯ib¯cδaθ
cδaθb¯ −Kcb¯Dm¯δaθb¯Djδaθc
]
. (17)
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where here upper case indices refer to ZIα, Z
′I
α and ϕ
A. Lower indices denote
scalar field reparametrization invariant derivatives, and indices are raised
with the inverse metric. The relevant matrix elements are, in addition to
(12):
∑
J
e−KAIα,JαA¯
Kα,Jα = δKI
∑
m=M
eK
(
Kim¯βZα
)2
µI µ¯M¯ ≡ δKI
(
βZα
)2
Λ2I
AIα,Jα,k = (Kk − ∂k lnµI)AIα,Jα − 2ΓℓkiALα,Jα
e−KACBA¯
AC = δABe
K(1−2αϕ)|βAµϕ|2 ≡ δABβ2AΛ2ϕ
AABi = [Ki(1− 2αA)− ∂i lnµϕ]AAB
Kaa =
1
x
∑
b,c
δaθcKcb¯δaθ¯
b¯ = |βaµθ|2eαθK ≡ β2aΛ2θ,
Abc = νbe
αθKAb¯c = KabA− ΓiabAi = νbeαθK [A− (αθKm¯ + 2∂m ln µ¯θ)Am¯] ,
Diδaθ
c = Γcibδaθ
b = (αθKi + 2∂i lnµθ) δaθ
c,
∑
a
δaθcδaθ
b¯Rim¯cb¯ = −δcbβ2bαθKim¯Λ2θ (18)
The finiteness constraint requires
∑
α
ηZα
(
βZα
)2
=
∑
A
ηA (βA)
2 =
∑
a
ηa (βa)
2 = 0. (19)
Then the results of [4], [5] determine the O(µ2) contribution to S0 + S1 =∫
d4x (L0 + L1):
L0(g0µν , K) + L1 = L0(gµν , K + δK), gµν = g0µν (1 + ǫ)
ǫ = −∑
P
λP
32π2
e−KAPQA¯
PQ =
∑
Φ
λΦΛ
2
Φ
32π2
ζ ′Φ,
δK =
∑
P
λP
32π2
(
e−KAPQA¯
PQ − 4KPP
)
=
∑
Φ
λΦΛ
2
Φ
32π2
ζΦ, (20)
where [11] λΦ = 2
∑
p η
Φ
p
(
βΦp
)2
ln βpΦ, ζZ = ζϕ = ζ
′
Z = ζ
′
ϕ = 1, ζθ = −4 ζ ′θ =
0, and P,Q denote all heavy modes. It should be emphasized that if there are
6
three or more terms in the sum over p, the sign of λΦ is indeterminate [11],
so caution should be used in making conclusions about the implications of
these terms for the stability of the effective potential.
Before proceeding to the case of noncanonical gauge field kinetic energy,
we note that there is an ambiguity in the separation of the fermion loop
contribution into helicity-odd and -even parts. We define [5]:
− i
2
Tr ln(−i 6D +MΘ) ≡ − i
2
Tr lnM(γ5) = T− + T+,
T− = − i
4
[Tr lnM(γ5)− Tr lnM(−γ5)] ,
T+ = − i
4
[Tr lnM(γ5) + Tr lnM(−γ5)] ,
M = γ0(−i 6D +MΘ) =
(
σµ+D
+
µ M
+
M− σµ−D
−
µ
)
, σµ± = (1,±~σ). (21)
Thus ifDµ = ∂µ+Vµ+iAµγ5, M = m+m
′γ5, thenD
±
µ = ∂µ+Vµ±iAµ, M± =
m∓m′. The ambiguity arises because we can interchange terms that are even
and odd in γ5 using γ5 = (i/24)ǫ
µνρσγµγνγργσ and similar identities. In most
cases the correct choice is dictated by gauge or Ka¨hler covariance. However
there is an off-diagonal mass term that mixes gauginos with the auxiliary
field α:
Mαλa = −
√
x
2
F µνa σµν = −
√
x
2
(
αF µνa + iβγ5F˜
µν
a
)
σµν , α + β = 1. (22)
The result is invariant under the choice of α only if the integrals are finite.
In the above we took α = 1, β = 0; with an arbitrary choice we would have
gotten, instead of (7):
STrHgrav = −10V − 2M2ψ −
r
2
+ 4Kim¯DνziDµz¯m¯ + x
2
F 2(α2 − β2 − 2),
STrHYM = 2D + x
2
F 2(α2 − β2) +NG r
2
. (23)
The choice used above is “supersymmetric” in the sense that it corresponds
to analogous matrix elements [5] in the bosonic and ghost sectors, yielding
the cancellation of the F 2 terms.
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Now we introduce the dilaton; that is, we couple the Yang-Mills sector
to a holomorphic function of the chiral multiplets: fab = δabf, f = x + iy.
(The results can immediately be generalized to the case fab = δabkaf, ka =
constant, by making the substitutions F aµν → k
1
2
a F aµν , A
a
µ → k
1
2
aAaµ, T
a →
k
− 1
2
a T a.) There is a dilatino-gaugino mass term and an additional gaugino
connection that can be written as
Mχiλa = −i fi
4
√
x
(
γF µνa + iδγ5F˜
µν
a
)
σµν , γ + δ = 1, fi = ∂if
Aµ
λaλb
= −δab∂
µy
2x
(
iǫγ5 − ζ ǫ
λνρσ
24
γλγνγργσ
)
, ǫ+ ζ = 1. (24)
Then we obtain the additional contributions to the supertraces:
STrHYM ∋ fif¯
i
4x
F 2(γ2 − δ2)−NG
(
2M2λ +
1
2x2
[
∂µx∂
µx+ (3− 2ζ2)∂µy∂µy
])
,
STrHgrav ∋ fif¯
i
4x
F 2(γ2 − δ2)− fif¯
i
2x2
D, STrHχ ∋ fif¯
i
2x2
D, (25)
whereM2λ = (2x)
−2e−Kfif¯
jAjA¯
i, f¯ i = Kim¯f¯m¯.The “supersymmetric” choice,
which matches corresponding matrix elements [5] in the bosonic and ghost
sectors, is γ = δ = 1
2
, ǫ = 0, ζ = 1. Then the F 2 terms again cancel, and the
remaining terms:
STrH ∋ −NG
(
2M2λ +
1
2x2
[∂µx∂
µx+ ∂µy∂
µy]
)
, (26)
can be regulated by the introduction of additional Pauli-Villars chiral mul-
tiplets, as will be shown below. With any other choice cancellation of the
infinities would be achieved only through the introduction of Pauli-Villars
“dilatons” and/or “gauge fields” with linear couplings to the light, physical
fields, thus entailing loops mixing quantum fields of different signature. With
the choice ζ = 1, the y-axion contribution to the gaugino connection can be
written as
Aµ = −x
3
hνρσγ[µγνγργσ], (27)
8
where hνρσ = 4x2ǫνρσµ∂µy is the 3-form that is dual to the axion in absence of
interactions. The axion also appears through the 3-form in a contribution to
the gauge boson connection [5]. This suggests that the linear supermultiplet
formalism [9] is the natural framework for describing the dilaton supermul-
tiplet, at least in the absence of a superpotential for the dilaton. It has been
shown [12] that the axion/3-form duality holds at the quantum level, up to
finite topological anomalies. Here we see that when couplings to fermions are
included, there are additional anomalies; shifting contributions between T+
and T− in (21) is analogous to shifting the integration variable in a Feynman
diagram calculation. For example, the linearly divergent triangle diagram
leads to an ill-defined finite chiral anomaly that is fixed by imposing invari-
ance under local gauge transformations. In the present case supersymmetry
must be used to resolve the ambiguity. With the choice ζ = 1, the gaugino
connection (24) is purely “vector-like”, and does not contribute to the anoma-
lous FF˜ term that breaks [8] modular invariance, and, by construction [5],
is contained in T−. This agrees with the conclusions of [10], where it was
argued that such a contribution is inconsistent with the linearity constraint
in the linear multiplet formulation.
To regulate the terms in (26) we introduce chiral supermultiplets πα =
(π¯α)† with
K(π, π¯) =
∑
α
(f + f¯)|πα|2, W (π) =∑
α
βαπµπ(z)(π
α)2, ηπα = ±1. (28)
Then
Γβαi =
fi
2x
δβα, R
β
αim¯ = −
fif¯m¯
4x2
δβα, Dα(Taz)
α =
fi
2x
(Taz)
i = 0. (29)
Inserting this into the general expression (7) for STrHχ we get a contribution
STrHπ that cancels (26) provided
∑
α η
π
α = +NG, and the conditions (16)
are modified accordingly. Letting I, J, · · · denote also πα in (17), we get
additional contributions to STr(2µ2H ′ + ν2):
e−KAγβA¯
αγ =
eK
4x2
δαβ |βπαµπ|2 ≡ δαβ (βπα)2 Λ2π,
9
Aαβi =
[
Ki − fi
x
− ∂i lnµπ
]
Aαβ . (30)
Including these, with
∑
α η
π
α (β
α
π )
2 = 0, (20) is modified to include P =
πα, Φ = π, ζπ = ζ
′
π = 1.
To fully regulate the theory, including all logarithmic divergences, addi-
tional Pauli-Villars fields and/or couplings must be included. Specifically,
the superpotential must include the terms
W ∋ 1
3
∑
α
WijZ
I
αZ
J
α , (31)
and, to regulate the Yang-Mills contributions, we must include in the set ϕA
chiral multiplets ϕAa = (ϕ¯
A
a )
† that transform according to the adjoint repre-
sentation of the gauge group, with
∑
A,a η
a
A = 3NG. The field dependence of
the corresponding effective cut-off was determined in [10] by imposing the
supersymmetric relation between the chiral and conformal anomalies. This
in turn determines the Ka¨hler potential: αaA =
1
3
. Imposing the full finiteness
condition on STrH ′2 may constrain the other parameters αA, αa, αα.
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